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FOREWORD  

 

These pages bring together the abstracts of the communications presented at the Fifth 

Workshop on Research in Turbulence and Transition, held at E.T.S. Enginyeria 

Química, in Tarragona on October 29th, 2010. The first edition of this Workshop was 

held on February 6, 2003 at the International Centre for Numerical Methods in 

Engineering at the Technical University of Catalonia, the second was held at the School 

of Aeronautical Engineering at the Technical University Madrid on February 12 of 

2004, and the third one took place in the College of Engineering at the University of 

Seville on October 17, 2008, and the fourth was held in Instituto Superior Técnico, in 

Lisbon on October 16th, 2009. 

 

These Workshops have been conducted at the initiative of CIMNE, Iberian-East and 

Iberian-West Pilot Centres of the European Research Community on Flow, Turbulence 

and Combustion (ERCOFTAC), and is a Europe-wide organization that promotes 

research on topics related to fluid dynamics, turbulence and combustion, and their 

industrial applications. More information can be found at www.ercoftac.org . The aim 

of this Workshop is to contribute to a better knowledge of the activities carried out by 

various Iberian research groups in any field relevant to the turbulence or/and Transition.  

 

The organizers of the Workshop want to thank the E.T.S. Enginyeria Química and the 

Department of Mechanical Engineering of the Universitat Rovira I Virgili for their 

support.  
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Estudio de estabilidad del flujo de capa ĺımite laminar
oblicuo entorno a la ĺınea de estancamiento.

J.M. Pérez & V. Theofilis
Escuela Técnica Superior de Ingenieŕıa Aeronáutica,

Universidad Politécnica de Madrid

September 24, 2010

En este trabajo presentaremos el estudio de estabilidad lineal entorno a la ĺınea de
estancamiento en un flujo laminar e incompresible 3D que impacta contra la superficie de
forma no ortogonal.

El estudio de estabilidad se realizó mediante la aplicación de la teoŕıa de estabilidad
lineal BiGlobal [3]. En este análisis, partiendo de un flujo base bidimensional se super-
pone una perturbación tridimensional de pequeña amplitud la cual tiene una dependencia
temporal modal. Al sustituir dichas variables fluidas en las ecuaciones de Navier-Stokes
incompresible, y quedarnos sólo con los términos lineales perturbativos, se obtiene un
problema de autovalores. En esta formulación la parte real del autovalor representa la
frecuencia de la perturbación mientras que la parte imaginaria representa la tasa de crec-
imiento de dicha perturbación.

La solución base estacionaria se obtuvo a partir de la solución de semejanza propuesta
para el caso 2D por [1] a la que se le añadio la componente de la velocidad a lo largo
de la envergadura (ver [3]). Dicha solución 2D se basa en una combinación lineal de un
flujo ortogonal a la pared (flujo de Hiemenz) y otro paralelo a ésta, es decir a lo largo de
la cuerda, ver figura 1(a). Con estas consideraciones el flujo base puede escribirse como,

U(x, y) = 1
Re

u(x, y), V (y) = 1
Re

v̄(y) y W (y) = w̄(y) donde Re = We∆/ν, ∆ =
(

ν
S

)1/2
, y

S es la magnitud del tensor de esfuerzos de la componente ortogonal de la velocidad en
la capa ĺımite.

Los parámetros caracteŕısticos del problema son, a lo largo de la envergadura, el
número de onda (β) y el número de Reynolds, aśı como el ángulo de ataque del flujo en el
plano definido por la normal a la pared y la cuerda. Este problema paramétrico unido al
gran tamaño de las matrices consideradas implico tener que incorporar distintas soluciones
numéricas con el objetivo de optimizar el proceso de cálculo. Para ello se desarrolló una
versión no-densa del problema de autovalores que fue resuelto mediante la utilización de
la libreŕıa MUMPS (ver [2]).

El flujo base fue validado para el caso ortogonal con los resultados presentados en [3]
y para el caso no-ortogonal con los parámetros de capa ĺımite descritos en [1]. En cuanto
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a la resolución del problema de estabilidad, los resultados fueron comparados con [3] para
el caso ortogonal y con un código DNS para el resto de los casos, obteniéndose en este
caso las tasas de crecimiento predichas por el código de estabilidad.

Para los ángulos de ataque (60 y 90 grados) se realizó un estudio de convergencia
de los autovalores para Reynolds y β definidos sobre la curva de máxima amplificación,
ver figura 1(b). Además, se estudió la dependencia del Reynols cŕıtico con el ángulo de
ataque. Por último se obsrevó que la distribución de enerǵıa modal sigue siendo coherente
con la dependencia funcional para los modos propuestos por Görtler-Hämmerlin en el caso
no ortogonal.
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Figure 1: (a) Función de corriente y componente normal de la velocidad: α = 60 grados
(AoA = 73.90) (b) wi vs. α para Reynolds 800 y β = 0.255

References

[1] J. M. Dorrepaal. An exact solution of the navier-stokes equations which describes
non-orthogonal stagnation-point flow in two dimensions. JFM, 163:141–147, 1986.

[2] P. R. Amestoy et al. A fully asynchronous multifrontal solver using distributed dy-
namic scheduling. SIAM Journal of Matrix Analysis and Applications., 1:15–41, 2001.
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NUMERICAL SIMULATION OF THE TURBULENT FLOW IN
THE SUCTION CHAMBER OF AN EXTERNAL GEAR PUMP

INCLUDING CAVITATION EFFECTS

D. Del Campo, R. Castilla and E. Codina

The flow in the suction chamber of an external gear pump is numerically analysed at different rotational speeds using
the commercial computational fluid dynamics (CFD) solver FLUENT® 12.0.16. A 2D model with a total contact
ratio of 1 (only one contact point in the gearing line) is used. Despite the complex evolution of the boundaries, a
laplacian smoothing technique makes it possible to keep the mesh skewness limited along several gearing cycles. The
contact point is simulated by means of continuously adjusting the viscosity value in a small neighbourhood of the
theoretical contact point position. Standard k−ε turbulence model has been used as it showed to be a good approach
in previous studies. All equations are solved using a second-order upwind sheme with a node-based calculation of the
gradients. In order to model the pressure terms, the body-force-weighted scheme, which computes the face pressure
by assuming that the normal gradient of the difference between pressure and body forces is constant, is used. For
rotational speeds above 300 rpm cavitation effects appear, therefore reducing the volumetric effectiveness of the
pump. In order to take this into account, a multiphase mixture model (single-phase approach) with no slip velocity
has been adopted. To model the phase transfer mechanism, the Schnerr and Sauer cavitation model has been used.
Volumetric effectiveness is affected by several other factors (even in 2D cases) as backlash flow, compressibility, or
leakage through radial gaps, which, in turn depend on the rotational speed and the pressure jump. Therefore, in
order to isolate the contribution of cavitation, simulations have also been run disabling the cavitation model. The
effect of cavitation in volumetric efficiency and in the pressure ripple in inlet and outlet will be analysed in the
range of 1000 - 6000 rpm.
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Flow structures in PCB enclose model: Experimental study 

 
S. Varela

1
, A. Vernet

2
, J.A. Ferré 
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The main objective of this work is to study velocity fields in complex domains like 

those encountered in computers or other electronics refrigerated subsystems with 

printed circuit board (PCB). Particle Image Velocimetry (PIV) has been used to obtain 

the velocity field in a simplified model of a PCB (Fig. 1).   

In order to simultaneously analyze two parallel planes in the PCB, a method to generate 

and record these two planes has been implemented [1]. PIV analysis technique is 

applied separately to each plane to obtain the two simultaneous velocity fields. 

Consecutive measurements changing only the distance between laser sheets allows to 

observe the space and time evolution of the dynamic structures of the flow. The 

technique will also be modified to have two parallel light-sheets that will allow 

measuring these two planes simultaneously. In this study the light-sheets have been 

generated from a single DPPSL 532 nm pulsed laser, polarized in both directions. The 

images have been obtained with two CMOS cameras working at 500 images per second.  

Figure 2 shows the experimental set-up used to generate and record the two planes. 

Results at different Reynolds regimes will be presented.  

 

 

 

Fig. 2: Optical set-up 
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Fig. 1: Model’s sketch, three 

dimensional view.
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 [1] J. Lobera, N. Andrés, M.P. Arroyo and M. Quintanilla. ”Dual Holographic Interferometry for 

measuring the three velocity components in a fluid plane”. Appl Opt; 43 (17) 3535-3542 (2004). 



Characteristics and dynamics of the intense vorticity structures near the
turbulent/nonturbulent interface in a jet

Carlos B. da Silva and Ricardo J. N. dos Reis
IDMEC/IST, Mecânica I, 1o andar/LASEF

Universidade Técnica de Lisboa, Av. Rovisco Pais, 1049-001 Lisbon, Portugal
e-mail: Carlos.Silva@ist.utl.pt

Web page: http://www.lasef.ist.utl.pt

ABSTRACT

The characteristics and dynamics of the intense vorticity structures (IVS) near the turbulent/non-
turbulent (T/NT) interface separating the turbulent and the irrotational flow regions [1,2,3,4] are anal-
ysed using a direct numerical simulation (DNS) of a turbulent plane jet [5,6]. The IVS are detected
using a similar vortex tracking algorithm as developed in [7,8]. Deep inside the turbulent shear layer
the mean radius, tangential velocity, and circulation Reynolds number are similar to the values found
in other flows: R/η ≈ 4.6, u0/u

′ ≈ 0.8, and ReΓ/Re
1/2
λ ≈ 26, where η, u0, and Reλ are the Kol-

mogorov micro-scale, root-mean-square of the velocity fluctuations and the Reynolds number based in
the Taylor micro-scale, respectively. The number of IVS detected by the vortex tracking algorithm is
approximately constant inside the shear layer but falls sharply between 5 < yI/η < 20 where yI is the
distance from the T/NT interface. No IVS exist between the T/NT interface and a distance of roughly 5η
into the turbulent region. The most frequent value for the distance between the axis of the detected IVS
and the T/NT interface is lω ≈ λ, and this distance coincides with the mean radius of the large-scale
vortices (LSV) suggesting that the T/NT interface is defined by the shape of the LSV and IVS inside
the jet. Conditional statistics in relation to the distance from the T/NT interface show that the radius,
tangential velocity and circulation of the IVS increases near the T/NT interface which indicates that the
IVS found near the jet edge originated in this region. The axial stretching rate acting on each IVS, which
is caused by the presence of the nearby vortices, is constant inside the shear layer but decreases near the
T/NT interface due to the smaller number of IVS found at that location. Consequently, the equilibrium
Burgers vortex, which is known to be an excellent model for the IVS in isotropic turbulence, is a less
accurate representation for the IVS inside the jet, particularly in the proximity of the T/NT interface,
since in this region there is no equilibrium between axial stretching and viscous diffusion of vorticity,
implying that the radius of the IVS evolves downstream in the jet.

Carlos B. da Silva would like to acknowledge Prof. Javier Jiménez for interesting discussions on this
theme during his visit to Madrid in March 2009 and during the visit of Prof. Javier Jiménez to Lisbon
in November of the same year.
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Time-resolved Evolution of the Wall-bounded

Vorticity Cascade

Adrián Lozano-Durán and Javier Jiménez

School of Aeronautics, Universidad Politécnica de Madrid, 28040 Madrid, Spain

jimenez@torroja.dmt.upm.es

We study the temporal evolution of vortex clusters in turbulent channels

with Reτ = 950 and 1880, using DNS sequences with temporal separations

among fields short enough for individual structures to be tracked. From the

geometric intersection of structures in consecutive fields, we build temporal

connection graphs of all the cluster interactions, and, from their properties,

distinguish the ”trunk” of each evolution from less important ”branches”.

It is found that the lifetimes of the connected families of attached clusters

are proportional to the cube roots of their maximum volumes, of the order

of Tuτ/h = 0.25 for the largest ones, and that they move approximately

with the overall advection velocity. Especial attention is paid to the origin

of the attached structures, and to their relation with an inverse cascade.

They tend to be born below y+ = 100, and to grow upward, although a sim-

ilar study of the Reynolds stresses suggests interactions in both directions.

Merging of comparable clusters is common, but splitting tends to involve

smaller fragments. The creation and evolution of new clusters during the

bursting events of the logarithmic layer are also studied.

FUNDED by CICYT
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Direct Simulation of a Separated Boundary Layer

Under the Influence of Large-scale Forcing

Ayse G. Gungor, Mark P. Simens and Javier Jiménez

School of Aeronautics, Universidad Politécnica de Madrid, 28040 Madrid, Spain

jimenez@torroja.dmt.upm.es

The effect of large-scale forcing mimicking incoming wakes on a sepa-

rated turbulent boundary layer over a flat plate is investigated by direct

numerical simulation. The flow separates due to a strong adverse pressure

gradient induced by suction along the upper simulation boundary, and the

forcing Strouhal number St = flx/U0 ranges from 0.25 to 2.9. The forcing,

in which all the turbulent fluctuations except for the mean velocity defect

are neglected, triggers the transition of the separated shear layer, and modi-

fies the separated region. Each forcing pulse generates three roll-up vortices,

which originate near the separation point and convect with approximately

half the local free-stream velocity. The separation and reattachment points

vary with the forcing frequency, but no other significant variations of the

mean boundary layer properties are observed unless the separation bubble is

allowed to fully reform. The separation lengths of the periodic cases can be

estimated from a single recovery experiment in which the forcing is suddenly

removed.

FUNDED by CICYT and CONSOLIDER
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HIGH-ORDER METHODS WITH LES MODEL
FOR INCOMPRESSIBLE FLOWS

A. Montlaur1,2, S. Rebay 3, S. Fernández-Méndez1,4, A. Huerta1,4

1:Laboratori de Càlcul Numèric (LaCàN),
Universitat Politècnica de Catalunya, Jordi Girona 1-3, 08034 Barcelona, Spain

e-mail: {adeline.de.montlaur, sonia.fernandez, antonio.huerta}@upc.edu

2: Escola Politècnica Superior de Castelldefels
3: Dipartimento di Ingegneria Meccanica e Industriale, Universita de Brescia,

Via Branze 38, 25123 Brescia, Italy, e-mail: stefano.rebay@ing.unibs.it
4: E.T.S. d’Enginyers de Camins, Canals i Ports de Barcelona

ABSTRACT

Lately, wind energy has seen increasing rapidly its part in the global energy market. The development
of wind industry has been possible thanks to numerous technological improvements experimented in
the last years, but its future still presents technological challenges such as cost reduction, increase of
efficiency, technical reliability, etc. Among the technological necessities of wind energy, an accurate
analysis of the flow around a wind turbine is essential for its design. Given the high vorticity of such
flow, high order simulation is an access. In this work, high order numerical methods for incompressible
flows coupled with a turbulence model are presented.

A new Interior Penalty Discontinuous Galerkin formulation has been developed in [1], leading to a
symmetric and coercive bilinear weak form for the diffusion term, and achieving high-order spatial
approximations. It is applied to the solution of the incompressible Navier-Stokes equations. The velocity
approximation space is decomposed in every element into a solenoidal part and an irrotational part. This
allows splitting the IPM weak form in two uncoupled problems. The first one solves for velocity and
hybrid pressure, and the second one allows the evaluation of pressures in the interior of the elements.
This results in an important reduction of the total number of degrees of freedom for both velocity and
pressure. Pressure can then be computed as a post-process of the velocity solution.

High-order time integration methods have then been proposed in [2] to solve transient incompressible
problems, allowing obtaining unconditionally stable schemes with high orders of accuracy in time. For
this purpose, the unsteady incompressible Navier-Stokes equations are interpreted as a system of Dif-
ferential Algebraic Equations, that is, a system of ordinary differential equations corresponding to the
conservation of momentum equation, plus algebraic constraints corresponding to the incompressibility
condition.

In this work, implicit Large Eddy Simulation (LES) model and LES/Smagorinsky eddy-viscosity model
are considered. First, the influence of numerical dissipation in the convective term is checked without
any LES model (implicit LES). That is, the convective numerical flux is written as a central flux plus a
numerical dissipative flux, which is explicitly controlled by a dissipation parameter. The influence of the
value of the dissipation parameter is studied. Then a Smagorinsky eddy-viscosity model is introduced,
see [3, 4], and the influence of the tuning of the Smagorinsky parameter on the results is studied. Even-
tually the role of the numerical dissipation relative to the contribution from the Smagorinsky dissipation
is explored.

The proposed methods are investigated for the classical example of the turbulent channel flow, see [5, 6].
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POD and Fuzzy clustering as an alternative to phase

averaging: Vortex modes in the wake of an oscillating cylinder

F.J. Huera-Huarte* and A. Vernet

Department of Mechanical Engineering, Universitat Rovira i Virgili, 43007 Tarragona, Spain.

ERCOFTAC 5th Workshop on Research in Turbulence and Transition, Tarragona, 29/10/2010

ABSTRACT

A method combining Proper Orthogonal Decomposition (POD) and Fuzzy Clustering (FC) is used as a pattern

recognition technique, in order to identify vortex modes in digital particle image velocimetry (DPIV) data,

obtained in the wake of a long flexible circular cylinder undergoing vortex-induced vibrations. The POD allows a

low dimensional description of the wake, and the fuzzy c-means algorithm can be used for clustering in a reduced

order problem. The output is a set of well defined flow clusters representing the vortex patterns found in the

wake. This methodology provides an alternative, easier to automate when dealing with large amounts of data, to

instantaneous or phase averaged representations of vortex wakes. Phase averaging becomes difficult and tedious

when applied as in this case, to wakes of bluff bodies undergoing non-periodic motions.

The DPIV data was obtained at two elevations along the length of a long flexible circular cylinder model,

which had an aspect ratio (length over diameter) of about 94. The experiments were carried out in a water channel

with flow speeds up to 0.75 m/s, giving Reynolds numbers, based on the external diameter of the cylinder, in the

range from 1200 to 12000. The set up allowed changes in the fundamental natural frequencies, which resulted

in reduced velocities based on that frequency (velocity divided by frequency and external diameter), up to 15.

The mass ratio of the model (mass divided by mass of displaced fluid) was around 1.8. A detailed analysis of

the response of the models and the DPIV data obtained in those experiments appears in.1–3

Different vortex modes have been observed in the wake of rigid oscillating (free or forced) cylinders depending

on flow parameters and structural parameters.4 The determination of the structure in the wake has been

traditionally done by observing instantaneous or phase averaged flow fields. In forced or harmonic motions

phase averaging is very successful but in free vibrations, phase averaging sometimes becomes not useful at all.

The technique proposed in this communication shows how the main structure in all the experiments, carried out

with flexible cylinders free to vibrate in any direction, is the 2S vortex mode with a single vortex shed at each

side of the cylinder’s wake per cycle. A detailed analysis appears in.5 An example of one of the most than 80

runs analysed appears in 1. The data is validated against another set of well established set of data coming from

a forced vibration experiment with a rigid cylinder,6 in which 2P structures (2 pairs of vortices at each side of

the wake of the cylinder per cycle) were observed.

Keywords: Vortex-induced vibrations, vortex structures, cylinder wake, coherent structures, proper orthogonal

decomposition, Fuzzy clustering
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Figure 1. Example of results. Clusters resulting from the POD+Fuzzy clustering analysis on one of the experiments
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ABSTRACT 
 
The understanding of the behavior of the wake of a wind turbine is of great importance when related to the 
performance of the turbines on a wind farm, where the turbines are disposed in rows and only the ones on 
the first row work in a complete undisturbed velocity field. 
The main objective of this work is to characterize experimentally the near wake of a horizontal axis wind 
turbine model via Particle Image Velocimetry (PIV).  Furthermore, the velocity and vorticity field around a 
rotating blade element were also studied with the same methodology.  

The model used in the experiments was designed and optimized to work with low Reynolds numbers (Re ̴ 
15000). The code implemented for the design (based on the Blade Element and Momentum Theory 
(BEMT)) was validated with experimental results reported by NREL. The constructed model has a 38cm 
diameter, two blades, GOE531 airfoil all along the blade, twist and no pitch. It was tested in a water tunnel 
with a test chamber of 0.9x0.55m2 and velocities ranging between 0.15m/s and 0.25m/s. 

The near vortex wake of the wind turbine was studied first with Time Resolved PIV (TRPIV) (1000Hz). 
Thus the vortex wake was characterized in correspondence with the azimuthal position of the blade. The 
main tip vortices of the helicoidal wake were visualized, as well as the vorticity shed by the blade just 
behind the rotor plane and its dissipation. 

On addition, the near wake was studied with conventional PIV (15Hz)  in order to obtain a larger field of 
view. The expansion of the wake and induced velocity were characterized and compared by the cylinder 
vortex theory and BEMT predictions. 

Finally, TRPIV was also used to visualize the velocity field around a rotating airfoil. In order to avoid the 
shadow of the airfoil, the laser sheet was redirected by a mirror. With this solution, the whole velocity field 
around the airfoil was reconstructed. This is of great interest in order to calculate the loads impinged on the 
blade without the need of a balance or pressure tabs (especially interesting in the case of low Re).  

The future steps will make profit of this last approach and will apply it to the study of the effects of 
“dynamic stall” and “rotational augmentation” on the blades.  
 



Experimental axial evolution of the wing-tip vortex in
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Abstract

Vortex meandering (or wandering) is a typical feature of wing-tip vortices
that consists in a random fluctuation of its vortex centreline. This fluctua-
tion is measured experimentally by means of the statistical treatment of the
centroid in a vortex frame for different time steps and also the POD method
is applied to characterize the frequency. This meandering of the vortex was
originally thought to be due to free stream turbulence [1]. However, the
vortex wandering phenomenon is still a subject of current research [2]-[3].

In this work we have undertaken a systematic visualization of the trail-
ing vortex behind a NACA0012 airfoil at several distances near the wing tip
for three angles of attack (6, 9 and 12 degrees) and two Reynolds numbers
(23888 and 34192) to characterize the structure of the vortex meandering
phenomenon as well as its frequency, wavelength, and amplitude. The tech-
nique is similar to the one used by del Pino et al. [4], but we characterize
the downstream evolution of these vortex meandering up to sixteen chords.

In the previous study with the same experimental set-up [4], it was proved
that the Reynolds number has not a significant effect on the meandering am-
plitude in the near field (up to 4 chords). Thus, only two Reynolds numbers
are tested in this study.

The results based on the amplitude versus the angle of attack show that
for the three cases of study (6, 9 and 12 degrees) there is no significant
dependence on the Reynolds number from 0.5 till 6 chords. These data
confirm the previous results. However, starting at 12 chords and up to 16
chords the variation of the vortex meandering amplitude depends slightly on

1Work supported by the Junta de Andalucia (Spain) grant no. P05-TEP-170
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the Reynolds number, so the amplitude is smaller as the Reynolds number
is increased. This confirms other research studies [5]-[6], finding the same
behaviour of the vortex meandering.

The amplitude versus axial distance give us another feature of the wing
tip vortex: it can be said that the the amplitude of the meandering vortex
grows from the wing up to 12 chords, and then it remains approximately
constant. This confirms that the amplitude tends towards an asymptotic
value. On the other hand, small fluctuations in the amplitude are observed
from 3 to 6 chords. This oscillations are due to the existence of the formation
and the development region of the wing tip vortex.

There is evidence that the frequency spectrum of the POD analysis is
equal to the frequency spectrum analysis obtained from the temporal evo-
lution of vortex center. Thus, it is shown that the frequency of the most
energetic mode is the vortex meandering characteristic frequency. In most of
the cases studied the structures agree with the most energetic modes in [4]
and [5]. This mode corresponds to an azimuthal wave number m = 1.
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Flight dynamics;
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In general, the numerical analysis of biological flows also includes applications 
concerning problems of atherosclerosis, aneurisms, cerebro-spinal flow, urinary 
flow, etc. 
Artherosclerosis is the forming of plaques which obstruct the flow in the blood 
vessels. This is the principal cause of mortality in the western world. A common 
solution is placing a bypass to improve the hemodynamics of the vessel. 
Unfortunately, shortly after the surgery intervention new plaques may form 
again in the bypass. It has been proven that the hemodynamics play an 
important role in this process. 
In this the CFD study we have looked at different flow geometries to improve 
the hemodynamics and, therefore, improve the bypass durability. We have 
looked to the main critical flow quantities that affect the generation of plaques. 
These are the wall shear stress, oscilation index and input impedance. 
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In this work we give an overview of the stabilization methods designed for nonlinear transient
problems in fluid mechanics. Originally developed in the context of linear steady problems to avoid
instabilities of different origins, either compatibility conditions or small perturbation parameters, sta-
bilization techniques have been successfully applied to many nonlinear transient problems. But only
in the last years these techniques have been designed taking nonlinearity and time dependency into
account from the beginning.

The variational multiscale method introduced in [1] is the starting point of these developments.
The method is based on a decomposition of the unknown into a coarse scale resolvable part and a fine
scale subgrid part which is approximated to obtain a feasible numerical method. Our approach [2,3]
is to accept the multiscale decomposition with all its consequences and, in particular: to consider the
subscales to be time dependent and to keep scale decomposition in all the nonlinear terms.

The final discrete problem involves the solution of a finite element problem coupled to differen-
tial algebraic equation for the subscales which can now be considered what would be called internal
variables in solid mechanics. Neglecting temporal derivatives these variables can be eliminated and
standard stabilization methods are recovered.

However keeping the time dependency of the subscales and taking them in the space orthogonal to
the finite element space (in the L sense) permits us to identify the energy transfer mechanism by which a
dissipation is introduced [4]. This dissipation has the correct behavior in laminar situations (in contrast
to many turbulence models) and heuristic arguments permit to show that it also behaves as it is required
by the Kolmogorov theory. These results, together with abundant numerical experience, indicate that it
is possible to simulate turbulent flows without any modification of the Navier Stokes equations.
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Introduction Parabolized Stability Equations (PSE) have opened new avenues to the anal-
ysis of the streamwise growth of linear and nonlinear disturbances in slowly varying shear
flows such as boundary layers, jets, and far wakes. Growth mechanisms include both algebraic
transient growth and exponential growth through primary and higher instabilities. In con-
trast to the eigensolutions of traditional linear stability equations, PSE solutions incorporate
inhomogeneous initial and boundary conditions as does full spatial DNS.

Formulation A small disturbance of frequency ω is imposed on a steady laminar flow and
is denoted by q = (u, v, w, p, T )T which represent the velocities, pressure and temperature in
the usual notation. In the PSE context q is written in the following way:

q(x, y, z, t) = q̂(x, y)exp[i
∫

x
α(x′)dx′ + iβz − iωt] (1)

Most of the streamwise oscillations and growth of q are absorbed by the complex wavenumber
α(x), leaving q̂(x, y) a slowly-varying function of x.

An algorithm has been developed to solve compressible flows over complex geometries.
It has been validated in two well-knwon flows in the incompressible limit, Blasius boundary
layer and laminar separation bubble.

Flat Plate Boundary Layer The boundary-layer flow over a flat plate at zero pressure
gradient is analyzed to illustrate some advantages of the PSE technique against classic linear
stability theory. Boundary layers are in general not parallel. The velocity components U and
W exhibit small variations in the streamwise and spanwise directions, and the component
V normal to the surface is non-zero to provide the mass parameter as the displacement
thickness changes. The mean flow utilized in PSE is given by solving the Blasius problem.
One important result from the PSE analysis is the neutral stability curve. In the context of
PSE, neutral curves mey be obtained in a straighforward manner. Figure 1 shows the neutral
curve for nonparallel flow, and the result is compared with that of Gaster (1974).

1



Figure 1: Neutral curves for nonparallel Blasius flow according to PSE and Gaster (1974).

Laminar Separation Bubble Laminar separation bubbles embedded in a flat plate bound-
ary layer can be considered as quasi-parallel flows, taking into account that reversed flow
exits in a extremely narrow region adjacent to the wall and variations of the flow variables
on the x-directions are negligible except in the vicinity of the separation and reattachment
points. The stability of the laminar separation bubble basic flow under two- and three-
dimensional disturbances is analyzed here in the scope of the PSE approach. The mean flow
is obtained by a parabolic integration of the boundary layer equations (see D. Rodriguez,
PhD. 2010). The analyzed model separation bubble is characterized by δ̄max = 3.25 with
xsep = 229.9 and xreat = 255.0. Choosing two three-dimensional Tollmien-Schlichting modes
with spanwise wavenumber β = 0.15 from the BiGlobal analysis of D. Rodriguez (2010),
ωA = 0.072071− i0.001902 and ωB = 0.100265− i0.003317, the streamwise velocity compo-
nents u of the amplitude functions is plotted in Figure 2. Within the PSE procedure, the
velocity profiles are analyzed in each streamwise station, obtaining the evolution in x of the
complex wavenumber α(x) and the disturbances q̂(x, y). To compare with BiGlobal modes,
q(x, y) = q̂(x, y)exp[i

∫
xα(x′)dx′] is calculated and excellent comparisons are obtained, with

the added advantage that the computational cost of PSE is one order of magnitud lower than
the BiGlobal analysis.
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Figure 2: Streamwise velocity components of the amplitude functions.
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